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Abstract. We extend the notion of pre-logical relation between models
of simply typed lambda-calculus, recently introduced by F. Honsell and
D. Sannella, to models of second-order lambda calculus. With pre-logical
relations, we obtain characterizations of the lambda-definable elements
of and the observational equivalence between second-order models. These
are are simpler than those using logical relations on extended models.
We also characterize representation independence for abstract data types
and abstract data type constructors by the existence of a pre-logical
relation between the representations, thereby varying and generalizing
results of J.C. Mitchell to languages with higher-order constants.

1 Introduction

“Logical” relations between terms or elements of models of the simply typed
A-calculus allow one to prove, by induction on the structure of types, syntactical
properties like normalization and Church-Rosser theorems ([Tai67], [Sta85]) and
semantical properties like A-definability of elements ([P1o80], [Sta85]) or obser-
vational equivalence of models ([Mit91]).

In first-order, i.e. simply typed, A-calculus, a logical relation {R, | T € Type} =

R is built by induction on types using
(f:g) € R(ﬂ-hr) — Va,b p ((a/b) € RP - (.f “a, g- b) € Ra): (1)

starting from relations R, on base types 7. In second-order A-calculus, the do-
main of (semantic) types can no longer be constructed inductively; yet, cen-
tral results of the first-order case can be transferred, such as the characteriza-
tion of A-definable elements or that of observational equivalence (cf. J. Mitchell
[MM85],[Mit86]).

Even in the first-order case, logical relations have some disturbing properties,
viz. they are not closed under relation composition and do not admit a character-
ization of observational equivalence for languages with higher-order constants.
To overcome these difficulties, several authors (cf. [HS99], [PPST00], [PR00])
recently have proposed to use a more general class of relations, called pre- or lax
logical relations. They arise by restricting direction < in (1) to functions that are



A-definable (using related parameters). F. Honsell and D. Sannella [HS99] gave
several characterizations and applications of pre-logical relations that demon-
strate the stability and usefulness of the notion.

We here follow this route and generalize pre-logical relations to the second-order
A-calculus by similarly weakening the conditions for Ry,.. As in the first-order
case, the A-definable elements of a model can then be characterized as the inter-
section of all pre-logical predicates on the model. It follows that observational
equivalence of second-order models can be expressed as a suitable pre-logical
relation between models.

But our main interst lies on the equivalence of different implementations or
representations of an abstract datatype a and the operations ¢ : o(a) coming
with it. Two representations (7;,t; : o[r;/a]) of (a,c : 0) in a model A4 are
equivalent if appropriately defined expansions A(7;,t;) of A are observationally
equivalent with respect to the language not containing a and c.

For languages without higher-order constants, J. C. Mitchell[Mit86,Mit91] has
characterized this equivalence by the existence of a suitable logical relation be-
tween expansions of the models. However, programming languages like Standard
ML [MTHMO97] not only have abstract data types in the presence of higher-order
constants, but they also allow to abstract from data type constructors (and, in
some versions, higher-order functors). We handle abstract type constructors as
indeterminates on the kind level and their implementations as definable expan-
sions of a second-order model. Representation independence for abstract type
constructors can then be characterized as the existence of a second-order pre-
logical relation between the representations. This also holds for languages with
higher-order constants.

In section 2 we consider declarations of abstract data types as expansions of
first-order models by definable types and elements, and compare a characteriza-
tion of equivalent representations based on pre-logical relations with a criterion
by Mitchell based on logical relations. Section 3 gives syntax and semantics for
second-order A-calculus. In section 4 we define second-order pre-logical relations,
present some basic properties in 4.1, and use them in 4.2 to characterize defin-
able elements and observational equivalence for second order models. Section 4.3
treats abstract type constructors and polymorphic constants and characterizes
the equivalence of two representations by definable type constructors.

2 Pre-Logical Relations for Simply Typed A-Calculus

Let T be the simple types o,7 := 8 | (6 = 7) over base types 3. We write
I' > t: 7 for a term typed in the context I' : Var — T using the standard typing
rules. A7 stands for the set of typed terms over a set C' of typed constants, ¢ : o.

Definition 2.1. An (extensional) model A = (A, &, %~ CA) of the simply
typed A-calculus Ag consists of a family A = (A;)ser of sets, an interpretation
CA(c) € A, of the constants c: 0 € C, and families (D))o rer and (W7 ) o reT

a,T



of mappings
QSZT : A(J_H.) — [AU — A.,-] and !p:,r : [AU — A.,-] — A(J_H.),

where [A, = A;] C{h | h: A, = A;} contains all definable functions, such
that @7 oW = lIds, 4,y (and ¥ o & = IdA((,H,.)) for allo,7 € T.

An environment n over A satisfies the context I', in symbols: n : I' — A, if
n(z) € A, for all z: 0 in I'. Terms are interpreted in A unter  : I' — A via

II'> (r-s)]n =% ([[>r:(c— )N > s:ao]n),
[I'> Xt (0= 7)]n =¥ r(Aa€ As[[,x:0>t:T]na/z]).

We write [t]n rather than [I" > ¢ : 7]y, if ' and 7 are clear from the context.

Definition 2.2. A predicate R C A on A is a family R = {R, | 0 € T} with
R, C A, for each o € T. An environment n : I' — A over A respects R, in
symbols: n: I' = R, if n(z) € Ry for eachx:0 € I'.

A predicate R C A is called pre-logical, if [I' > t:7]n € R, for each term
I' > t:71 and environment n : I’ — R. A pre-logical relation between A and B
is a pre-logical predicate on A X B.

The definition is easily adapted to extensions of T' by cartesian products (o x 7)
and disjoint unions (o +7), if the extension of terms is done by adding constants.
The property used here as a definition is called the “Basic Lemma” for pre-logical
relations by Honsell and Sannella. The Basic Lemma for logical relations says
that every logical relation is a pre-logical relation.

Let Def™ = {DefTA | 7 € T} be the predicate of definable elements of A, where

Def = {[t]*| v t:7, teAg}
Normally, Def is not a logical predicate since [Def, — Def,] € Def,_, . But:

Theorem 2.3 ([HS99],Proposition 5.7, Example 3.10) Let A be a model of A7 .
(i) For each predicate C C A, there is a least pre-logical predicate R C A with
CCR. (i) Def™ is the least pre-logical predicate on A.

We use the following version of observational equivalence (it differs slightly from
indistinguishability by closed equations of observable types as used in [HS99]):

Definition 2.4. Let TT be the simple types generated from a superset of the
base types of T, and CT an extension of C' by new constants with types in T,
Let A*,B*t be two models of N7, with A} = Bf for all 7 € T. At and B*
are observationally equivalent with respect to T, in symbols: AT =7 Bt, if

[[t]]AJr = [[t]]BJr for all >t:7 of \g\ where T €T.

Theorem 2.5 (cf. [HS99], Theorem 8.4) AT =1 B* iff there is a pre-logical
relation Rt C AT x Bt such that R N (DefTAJr X DefTBJr) ClId, forallTeT.

For = use 2.3 and Rt = DefA+XB+. With logical relations we have = only if
C does not contain higher-order constants. (cf. Exercise 8.5.6 in [Mit96].)



2.1 Abstract data types and representation independence
The declaration of an abstract data type,

(abstype (a,z:0) withz: 0> e; =ey:pis (1,t:0[r/a]) ins), (2)
introduces a “new” type a and a “new” object z : o(«) with “defining” property
e1 = ey : p(a), which are interpreted in scope s by the type 7 and the term ¢,
where a: does not occur in the type of s. Roughly, evaluation of (2) in a model A
of A7 is done by first expanding A by interpreting o by A, and z by the value
of t : o[r/a] and then evaluating s in the expanded model, A(7,t) (see below).
The data type (a,x : o) is abstract in s if the value of s is independent from
the representation (7,t) used; i.e. if for any two representations (7;,t; : o[1i/a])
i =1,2, that “satisfy” the equation z : o > e; = es : p, we have

3

[[S]]A(T17t1) _ [[S]]_A(TQJ:Q). (3)

To “satisfy” the equation e; = es in an expansion A(7;,t;), the equality on
the new type a normally is not true equality on A,,, but a suitable partial
equivalence relation on A.,:

[(abstype (o, o : 00) with xg : 09 > e; =ea: pis (7o,t : 0g[T0/]) in s)]]An

(let AT = A(ro, [[t]]An) in [[s]]AJr ), if there is a pre-logical
partial equivalence relation £ C At x A7 such that
el 77A+, e 77A+ €E,and E;, =Idy, forT €T,
p .
error, else.

Note that in the first case, there is a least such £, and A is canonically embedded
in AT/£. Since & is pre-logical, the value of =g in AT is self-related by E,,, and
the additional operations provided by ¢ actually belong to A*T/€, which satisfies
e1 = ey. But since the type of s does not involve a, the value of s in AT and
A*/E is the same, so there is no need to actually construct A1/E.

Definition 2.6. Let TT be the types constructed from the base types of T and
a new base type a. Let oo € T* and CT = C,x9 : 09. For 19 € T, a € Ay iry/a)

let A(ro,a) = AT := (A+, &+, 0+ (CH)AT) be given by:

+ . + -
Aa = Ag[ro/a]: CA( ) . (¢ )0_,)7_ = ¢;ET0/C¥],T[TO/OZ]’
AT _ c), c:tedl, = =
(70 = {a, C:T =xqg: 00, (¥ )"’T o WU[TO/Q]’T[To/a]‘

We call the model A™ of A7, the expansion of A defined by (79, a).

From now on we focus on the equivalence of representations and ignore the re-
striction to implementations satisfying a specification. Two expansions A(71, 1)
and A(ma,ts) of A are equivalent representations of an abstype (a,z : o) if (3)
holds for all terms s whose type does not contain «, i.e. if A(7y,t1) =7 A(7, t2).



Remark 2.7. For a careful categorical treatment of abstract data types with
equational specifications, see [PR00]. The simpler form of abstype declarations
(abstype (a,z : o) is (7,t) in s) does occur in programming languages like SML
and has been investigated in [MP85,Mit91]. It can be viewed as a case of SML’s
restriction Str :> Sig of the structure (o = 7,2 = t) to the signature (o, z : 7).

Example 2.8 Consider a type of multisets with some higher-order operations.
(Assume that >a = >’b is a fived type of T. Actually, bag : T = T is a type
constructor, since ’a and ’’b are type variables. See section 4.2 for this.)

signature BAG = sig

type ’a bag

val empty : ’a bag

val member : ’’a -> ’’a bag -> int

val insert : ’’a * int -> ’’a bag -> ’’a bag

val map : (’a -> ’’b) -> ’a bag -> ’’b bag
val union : (’a -> ’’b bag) -> ’a bag -> ’’b bag
end
An A-bag B represents the multiset {(a,n) | member a B = n > 0,a € A}.
Each implementation of member gives a partial equivalence relation £ such that
By Epie Bs iff By and By represent the same multiset. One implementation Bagl
of bags is by lists of elements paired with their multiplicity:
structure Bagl :> BAG = struct
type ’a bag = (’a * int) list
fun member a [] = 0
| member a ((b,n)::B) = if a=b then n else (member a B)

end
Another implementation Bag2 is by lists of elements:

structure Bag2 :> BAG = struct
type ’a bag = ’a list
fun member a [] = 0
| member a (b::B) = if a=b then 1+(member a B) else (member a B)

end

The implementations Bagl and Bag2 are observationally equivalent if they assign
the same value to the closed terms (member s t) : int.

Observational equivalence can be characterized by pre-logical relations. To cover
nested abstype-declarations, we characterize the observational equivalence of two
expansions of models that are related by a pre-logical relation R instead of Id.

Theorem 2.9 Let R C A x B be a pre-logical relation. Let AT and BT be
definable expansions of A and B to models of A\7'.. The following are equivalent:

(i) for each closed A7y -term > t: 1 with T € T we have [[t]]A+ R, [[t]]B+.
(ii) there is a pre-logical relation R™ with AT Rt Bt and R} = R, forallT € T.



Proof. For simplicity of notation we consider the unary case. i.e. pre-logical
predicates R C A and RT C A*. (ii) = (i) is obvious. (i) = (ii): for 7 € T let

R, TeT,

+ At - . —
Def; ={[t]" |te Aoy, Fi:7} and Cr:= {Deff, else.

By assumption we have Def:' C R, for 7 € T. Each logical predicate R* on A"
as in (ii) satisfies the following conditions in positively occurring unknowns X :

X, DC U X (pr) - X, [ peTTY, 1T (4)

Let Rt = {R | 7 € Tt} C A" be the least solution of (4). It is a pre-logical
predicate: if n : I' - R* and I' > ¢ : 7 is a A, -term, with I' = {z : 0} say, then
[>t:rln=[vAx:0t:0— 1] nx) €Defl, -RIf CRF, -RICR/.

T—T

It is not hard to see that for each 7 € T+
Rj = U{Def;:—x..—mn—)'r ’ RPI e 'Rﬂn ‘ n e szlv -+ Pn € T}

For p, 7 € T we have Def,_ C R,_,; by (i), which gives Def;'_w ‘R, C R and

p—T =
so R C R.. Therefore we also have R} = R, for 7 € T. |

In the corresponding theorem for logical relations (cf. [Mit91], Cor.1), direction
(i) = (ii) is restricted to languages where C' has no higher-order constants. The
logical relation R™ in (ii) can then be inductively generated from the predicates
{R} | 7 € T" a base type} of the least solution of (4). This works even when all
constants ¢ : 7 € CT are first-order in «, like map in 2.8. The observational equiv-
alence of two representations can be shown by (ii) = (i). When used with logical
relations, premise (ii) can be reformulated to a ‘local’ criterion for equivalence
of representations, which fails for pre-logical relations:

Lemma 2.10. (c¢f. [Mit86], Lemma 4) Let A and B be logically related by R,
and let AT and BT be definable expansions of A and B to models of A7, Then
(ii) and (i) are equivalent:

(i) There is a relation RY C AT x B, such that A" Rt B forc:r e CH\C,
where R := R, for r € T and R?;)_w) =[RS = Rf] for (p—0) ¢ T.
(ii) There is a logical relation RT C AT x Bt with Rf = R; for all T € T.

Unfortunately, if R C A x B is pre-logical, then condition (i) does not imply the
existence of a pre-logical relation R* C A% x BT that agrees with R on types
of T', because the necessary condition (cf. Theorem 2.9, (i)) Def(fr_w) C Rin
for (0 — 7) € T may fail: Take f € [R, — R;]\ R(,—-) and let f = ¢y 0¢; with
constants ¢; : 0 — p,co 1 p — 7 for some p gé T.

Hence, although pre-logical relations give a complete characterization of the
equivalence of representations when higher-order constants are present, they
seem harder to use in establishing the equivalence of representations: instead
of checking the existence of R} with property (i) of 2.10, one has to check the
global property of A7, -observational equivalence with respect to all types of T'.



3 Second Order Lambda Calculus, )\g’v

We now look at definability and observational equivalence for the second order
A-calculus /\g’v. The characterizations by pre-logical relations are similar to the
first-order case, but the construction of pre-logical relations is more elaborate
since these can no longer be defined by induction on type expressions.

3.1 Syntax and semantics of )‘g,v

In second order lambda calculus, in addition to terms denoting objects one has
constructors denoting types or functions on types.

Definition 3.1. The kinds & of /\g’v are given by & =T | (k = k). The
classification C' of constants is split in two components, C = (Ckind: Crype).
By Cking, a set of assumptions of the form c : k, each constructor constant c
is assigned a unique kind k. In particular, Ckinqg contains the type constructors
> T=>T=T)andV: (T=>T)=>T.

A constructor A > p : k of kind & is a sequent derivable with the following rules
of AG,,.,» where A is a context of kind assumptions for constructor variables:

Abp:k
(Mon) m‘ v Qdom(ﬂ)
(Const) Av>c:k, forc:k€ Ckind (Var) A,v: k> vk

Ab p: (K = k), Abv:k
Av (u-v): Ko

Ajv Ky > Ko
A Ao (k1 = Ka)

(= E) (=1)

For )\a(md we assume a reduction relation ~ subsuming a, 3, n-reduction and
satisfying the subject reduction, i.e. if Av> u:k and p~ v, then A v v: k.

Ab>pu:k B~ v
Abpu=v:k

Ab pu:k L~ v
Avv=p:k

(=1) (=2)
A type Av u:T is constructor of kind T. We use 1,0 for types and write
(6 = 1) and Yur etc. By Crype, a set of assumptions of the form c : u, each
individual constant c is assigned a unique closed constructor u of kind T.

A typed term A; I' > t: 7 is a sequent derivable with the following rules, where
A is a context of kind assumptions for constructor variables and I" is a context
of type assumptions for individual variables:

A;>t:T Avo:T

(mon) A;Nx:ovt:T @ ¢ dom(I')
: T
(const) #{m, for c: 7 € Crype
(var) Av7:T x ¢ dom(I')

Az :7>x:7’



Apo:T A:Tx:ovt:T

(=D Ay > (Ax:ot): (6 —=T1)
Av7:T A;I'vt:(c—T1) A;T'>s:o
(= B) A; Lo (t-s): 7
(VI)ADM:(TjZ)_Fbﬂ’Oi:_g;FDt:(u.a), if ais not in I’
(‘V’E)A[)'U:(T:}T) Ap7:T A;T'>t:Vu
AT (t-7):(u-71)
(Typ_)A;FDt:T Avrt=0:T

A;I'>t:o

By induction on the derivation, using the subject reduction property of /\aﬁ"d
in the case of (Typ =), we obtain:

Proposition 3.2. If A; ' > t: 0 is a term, then A > o : T is a type.
Definition 3.3. A model frame M = (U, D, P,¥) for AE”V consists of

1. an extensional model U = (U, &=, ¥~ ,C%. ., [[]]u) of \G,,, to interprete
the constructors,

2. a family of individual domains for the types, D = ((DA>A6UT=C%pe)a with
individuals Cp,,,(c) € Dy, for c: 7 € Crype,

3. families & = (97,87), ¥ = (7, ¥Y) with = = (D} g)a Bev,, P =

<¢;>f€U(T:>T)’¢A) = <!*sz>A,B€UT=!*pV = <W‘¥>f€U(TaT) of mappings
¢XB5D(A—>B) —)[DA—)DB] szB3[DA—)DB]—)D(A—>B)
45; : Dyyp — [ITA € UT.Df.A] EPJY ([ITA € UT.Df.A] — Dyy,

for subsets [Dy — Dp] C {h | h : Dy — Dg} and [IIA € Ur.Dy.4]
ITA € Ur.Dy. A, such that for all A, B € Ur and f € Uip=r)

N

S poWyy=1dp, ,p, and ®}oW]=1Idgacu, b, -

A (environment) model of AE”V consist of a model frame M = (U, D, P,¥) and
an evaluation [[-]]D- of terms, such that every typed term gets a value using
[A; T'>z:7]n =n(z), [A;T'>c:7]n= C’li,?ype(c), forc: 7 € Crype
[A; T > (t-s) :7']]77:45[[_5 > oln]A b 7_]]77([[A; I'vt:(c—=1)n)([A; T > s:0]n)
[A; > Az:ot:(c—=71)n=

A s olna o 1n(A0 € Dpa s oy [A; T ot 2 ]nla/z])
[A; T o (to7): DI =B o sy (145 7o £ Vul)([A & 7: Tl)
[A; T'> Aat : Vu]n = !P[FA o (o)A EUN[A 0T I'v t: (- a)n[A/a))



In particular, [A; I' > ¢ : 7][n € Dpa o r.17y- If it is clear which context and type
is meant, we write [t]n instead of [A; I' > ¢ : 7]n. We write ¢P for C?ype(c).

We refer to Bruce e.a.[BMM90] for an overview of various models of /\g’v.

4 Pre-Logical Relations for Second Order A-Calculus

Definition 4.1. Let A = (U,D,d,V, [[-]]D-) be an environment model of )\g’v.
A predicate R = (Rkind: Rrype) o A consists of a predicate Riina = {Rsx |
k € Kind} on U where R, C Uy for each k € Kind and a predicate Rrype =
{Ra | A € Rr} on D where R4 C D4 for each A € Rr.

An environment n : A; I' — A respects the predicate R, in symbols: n: A; T —
R, if n(v) € Ry for each v : k € A and n(x) € Rja » .17y for each z .7 € T
The predicate R C A is algebraic, if R kina is algebraic (Def. 3.2 of [HS99]) and

a) cP € Ry for each c: 7 € Crype where A=[v 7: T,
b) Riasp) C{h € Dasp) | h-Ra C Rp} for all A,B € Rr,
¢) Ryy C {h€Dys|VYA€Rrh-A€ Ry.a} forall f e R(r=T).

An algebraic predicate R is logical, if in b) and c) we also have D.
Definition 4.2. A predicate R = (Rkind, Rrype) on A is pre-logical, if

(1) Rkinda is a pre-logical predicate on U, and
(i) Rrype is a ‘pre-logical predicate on D’, i.e. [A; ' > t: 7] € Rya o .17y for
each term A; I' > t: 7 and every environment n: A; ' — R.

An algebraic (logical, pre-logical) relation R between A, ..., A, is an algebraic
(logical, pre-logical) predicate R C Ay X ... X A,.

4.1 Basic properties of second-order pre-logical relations

The Basic Lemma for second order logical relations just says they are pre-logical:

Theorem 4.3 ([MM85], Theorem 2) Let R C AxB be a logical relation between
environment models A and B of /\g’v. For each term A; I' > t: 7 and every en-
vironment n: A; T = R, [A>7:T[n € Ry and [A; ' > t:7]n € Rja » r.17y-

As in the first-order case one can view definition 4.2 as a Basic Lemma for
relations defined using the following properties:

Lemma 4.4. A predicate R C A is pre-logical iff:

1. Rkina 18 pre-logical and R is algebraic,
2. for all terms A; I'yx 2o > t: 7 and environments n : A; ' — R such that

Va € Ry, [A; Iz o> t:T]nla/z] € Ry,

we have [A; I'> Az :ot: (0 = 7)]n € Rioeyry,



3. for all terms Ay : T; I' > t: 1 and environments n : A; T = R such that
VA€ Ry IIA:Q T 't T]]U[A/a] € R[[A,a:T > 7:Tn[A/a];
we have [A; I' > Aat :YaT1]n € Ryar]y

Proof. =-: Let R be pre-logical. Then Rg;nq is pre-logical and algebraic. To
show that Rype is algebraic, i.e. that a), b), c) of definition 4.1 hold, we focus
onc): If f € Ripr), h € Ry and A € Ry, andsay A = {v: (T = T),a: T},
I' = {z : VYv}, then since A; I'> - a: v - @ one has

h-A:[[A;Fl>x-a:v-a]]nER[[Abv.a:Tﬂn:RfA

for all environments n with n(v) = f, n(a) = A, and n(z) = h. That R satisfies
2. and 3. on definable functions is seen for 2. via A; I'> Az : ot : (0 — 7) and
for 3. via A; I' > dat : Var.

<«: Condition (i) of definition 4.2 is clear, and for (ii) the assumptions are just
what is needed to prove the claim [A; I' > ¢ : 7]y € R[], by induction on the
derivation of A; I'> ¢ : 7. a

The class of first-order binary pre-logical relations is closed under composition.
For second-order relations R C A x B and B C B x C, define R o S by taking

(RoS)king = {(RoS), | k € Kind}, where (RoS), :=R;oS,,
(Ro8) e = {(RoS)(ac) | (4,0) € (RoS)r}, where

(RoS)(ac)=|J{Ru,B) °Sm.c) | B€ UL (A4,B) € Rr,(B,C) € Sr}.
It is then routine to check the following

Proposition 4.5. Let R C AxB and S C BxC be pre-logical relations between
models of /\g’v. Let n = (n”,n°) : A;T = R oS and suppose there is some
nB : AT — B such that (04, n8) : A;T — R and (nB,n°) : A; T — S. Then

[A; Do t:7]ne (RoS)aw rrpy
for each term A; I'> t: 7.

This does not quite mean that R o S is a pre-logical relation: of course, for
each ) : A;T — R oS there is some 9%, , : A — B such that (n?,nE, ,) :
A — Rking and (ngmd,nc) : A = Sking. Yet, there may be no extension
ne =k, Un%pe as needed in the proposition: if n(z : o) = (a,c) € (RoS)a,c)
for (A,C) =[A > o : T]n, there is some B such that (A, B) € Rr, (B,C) € Sr,
and (a,b) € R(a,p), (b,c) € SB,c), but B may depend on (a, c), not just (4,C),
and may be different from [[a]]nimd.

If for each (A4, C) € (RoS)7, the relations R(4,5)0S(p,c) for all B with (A, B) €
Ry and (B,C) € St coincide, we can extend 7%, by a suitable 0%, .. So we
still have the following special case, which may be sufficient for applications of
second-order pre-logical relations to step-wise data refinement (cf. [HLSTO00]):



Corollary 4.6. If R C Ax B and § C B x A are pre-logical and Ry (or the
inverse of St) is functional, then R oS is pre-logical.

For the same reason, the projection of a pre-logical R C A x B to the first
component is a pre-logical predicate on A if R is functional, but not in general.

Proposition 4.7. Let {R; | i € I} be a family of pre-logical predicates on A.
Then ({Ri |i € I} is a pre-logical predicate.

Remark 4.8. By Proposition 7.1 of [HS99], every first-order pre-logical relation
R C A x B is the composition of three logical relations, embed4 C A x A[X],
R[X] C A[X] x B[X], and embedy' C B[X] x B, where X is a set of indetermi-
nates. Since the embedding relations are functional, we expect that this result
extends to the second-order case, using Corollary 4.6.

4.2 Definability and observational equivalence

Definition 4.9. Let A = (U, D,P,9,[-]:) and A € Ur. Element a € D4 is
definable of type A, if there is a closed term ; > t : T of )\g’v withA=]v7: T]]A
anda=1[;>t: T]]A. We denote the set of definable elements of type A by

Deff::{[[;bt:r]]A\ ;> t:7 a closed term, A:[[DT:T]]A}.

Mitchell and Meyer ([MMS85], Theorem 4) have characterized the set of definable
elements of a model A of AE”V as the intersection of all logical relations on an
extension A4* of A by infinitely many unknowns of each type. Using pre-logical
relations, we get a simpler characterization:

Theorem 4.10 An element a of A is definable of type A € Ur iff for each
pre-logical predicate R C A we have A € Rt and a € Ry.

Proof. =: Thereisaterm ;>¢t:7with A=[>7:T]Janda=[;>t:7] € Da.
For each pre-logical predicate R on A, [; > ¢:7] € B[ ;.77 by definition, and
A=[v>7:T] € Ry follows from > 7:T, by 2.3.

<: We show that Def = (Def g4, Def 1) is a pre-logical predicate on .A. Then
A € Defy,s0 A =] o:T] for some type > o : T, and for a € Def, there is a
term ;> t: 7 witha=[;>¢:7]and [ > 7:T] = A. So a is definable of type A.
By theorem 2.3, Defy,,a = {Def,, | & € Kind} where Def, = {[u] | > p: &}, is
pre-logical, since U is a model of )\a{md.

For Def ., suppose A; I' > ¢ : 7 and 1 : A; I' — Def. For each v; : k; € A and
xj : 7; € I' there is > ; : k and ; > t; : 7; such that n(v;) = [u;] € Def,, and
n(z;) =1[; > tj : 7;] € Defy , .- With the substitution lemma (cf. [BMM90]),

[A; o t:rn=[A;T>t:7][[> pr:k1]/v1,.. s [; >t 7]/21, .. ]
=[> (@ m) /v, t /2, ]
€ Def s 1y joritr o, dit] = Defla s rrpn-
Hence Def is the least pre-logical predicate on A. |



Definition 4.11. Let OBS be a set of closed types and A, B be models of )\g’v
such that Dﬁi]] = D[[BT]] for each T € OBS. A and B are observationally equiv-
]]A

alent, in symbols: A =ops B, if ;v t:7]" =[; > ¢t: T]]B for all closed terms

;> t: 7 where 7 € OBS.

Theorem 4.12 Suppose - 0 = 7 whenever [ > o : T[**% = [ o 7 : T]**5. Then
A =oBs B iff there is a pre-logical relation R C A x B with

Ria,p) N (Def3' x Defg) C Idap C DY x Df
for each observable type > 7 :T € OBS, where (A,B) =[b> 7: T]]AXB.

Proof. < Let ;> t:7 be aterm. Then > 7:T and since R is pre-logical, we
have (4, B) € Ry for (A4,B) = [>7:T]"*", and (a,b) € Ra.p) for (a,b) =
[>t: T]]AXB. If 7: T € OBS then a = b by the assumption.

=: Take R := DefAXB, which is pre-logical by the previous proof. Suppose
>7:7T € OBS and (A,B)=[b 7: T]]AXB. For (a,b) € R p), there is a term
; > s : o such that

(a,b)=[>s:0]"® and (A,B)=[vo:T]"".
By assumption, - ¢ = 7, hence ; > s : 7 by (Typ =), and (a,b) =[; > s : T]]AXB.
Since A =pps B and 7 € OBS, we get a = b. O

4.3 Abstract type constructors and representation independence

To simplify the setting, we had assumed that the declaration in example 2.8
introduces an abstract type, a bag, and constants x : o of simple type. But in
fact we would like to model a declaration like

(abstype (bag : T = T,z :0) is (Aa: T.1,t: o[Aa : T.7/bag]) in s),

introducing a type constructor and a constant of polymorphic type o. In /\g’vwe
can do this as follows: we extend A = (U, ®,¥,CA,[-]-) to a model At, by first
adjoining (cf. definition 6.1) an indeterminate, bag, to the kind structure U:

UT =Ulbag : T = T) = {U; | k € Kind}, where U, := Uiro )= - bag.

This provides us with new types (A bag), ((4 bag) bag) € U, for each A € Ur,

and we can introduce new constants of polymorphic type, like
empty : Va.(abag) or  member : Va(a — ((a bag) — int)).

Next, when assigning domains to the new types, we interprete bag by a definable
constructor, for example the list constructor * : T = T, and use the domains of
the resulting types of Ur as domains of the new types, i.e.

Djbag = DA* = (DA)*v



and as interpretation of the new constants the elements of these domains that
are the values of the defining terms, for example
+
[empty : Va.(abag)]” :=[| € Djya.a+] = Dﬁm(a bag)]-

Notice that a predicate R on AT will have different predicates R4 pog, Ra+ C
D A beg = Da-, since the types A bag and A* are not the same.

Definition 4.13. Let vg : o > ¢ : T and CT := Ckina,vo : Ko ; Crype,To : 0o
be an extension of C' by new ‘constants’ vg,zo. Let A = (U, D, P,¥,[-]) be an
environment model of )\g’v, > g : Ko a closed constructor of /\aﬁ"d with value
ko =] > pg : ko], and A = [oo[uo/vo]] € Ur and a € D 4.

Define the expansion A(ug,a) := At = (U, D+, &+ @+ []7) as follows: Ut =
Ulvg : ko) is the extension of U by an indeterminate vy : ko (cf. definition 6.1).
Each k € U} can be seen as an element of Ulko=r) and hence determines an
element k(kq) € Uy ; therefore, DT &+ W0+ ([-]-) are given by

D} = D A(ko)>

$0D+ = a, P i=cP forc:o € Crype;
(¢+)XB = X(k0)7B(ko)7 (WﬂZB = W:(koLB(ko)’

(@5)F =P @Y7 =Pk

and[A; ' > t: T]]D+n =[A; > t: T]]ano, where N, (v) 1= n(v)(ko) € Uy for
vik €A and g, (z) :=n(x) € Do) forz:0 € I with A=[Av>o:T) € Uf.

We can now give a generalization of the representation independence theorem
2.9 to )\g’v that covers abstract type constructors. (This is also the reason why
we did not use A" adding 3: (T'= T) = T to A" to handle abstract types
(cf. [MP85]) would not be sufficient; we’d need existential quantifiers of other
kinds as well.) For simplicity of notation, we only state the unary version.

Theorem 4.14 Let R be a pre-logical predicate on a model A of )\g’v, such
that R gina 1S logical and its elements are definable using parameters of Ry. For
each definable expansion AT = A(uo,a) of A to a model of )\gjrv, the following
are equivalent:

(i) Defi C R4 for each A € Ry.
(ii) There is a pre-logical predicate RT C AT such that Rt C R} and R, = R
for all A € Rr.

Proof. (ii) = (i): for A € Ry C R} we have Def; C R since R is pre-logical,
so Deff C Ra by R = Ra.

(i) = (ii): By construction, elements of U, are equivalence classes [vg : ko > p : K]
of constructors u € Agxmﬂ with parameters for elements of I/; each one can be
written as [k - vo] with a unique k € U,,—,). We define R'}}md CUT by

Riina = {BY | k € Kind}, where R = R(,,=x) - vo for k € Kind.



For R;Zype = {R | A € R}}, let R be the set of elements of D that can be
-,V

defined in A} with type parameters from Rp and individual parameters from
R 1ype, 1.e. for A € RE (and 7 = (Nkind; NType)) We put
RX::{[[A;Fbt:r]]n|A;F>t:risaterm0f)\gjrv, (5)
Nkind : A = Rp, A=[Av 7 :Tngq
forall z: 0 € I'is o a type of Ag"",

1 Type ' — RType }

Claim 1 R* := (R4, Riype) 18 a pre-logical predicate on A*.

Proof: (Sketch) Since R kinq is logical, not just pre-logical, by lemma 6.2, R}L(md C
UT is a logical, hence pre-locgial predicate. For Ry, we use lemma 4.4. To see
that RT is algebraic, use the fact that types A € R; can be represented as - vg
for some p € R(,,— 1), and by the assumption on R, u is definable by a term of
A, With parameters from Ry

To show 2. and 3. of Lemma 4.4, suppose f is a function A-definable with param-
eters from RT. Use the substitution lemma to replace in f’s defining term all
parameters from R* by their defining )\gjrv-terms with parameters from R qype.
Claim 2 For each A € Rt we have A € R; and RT = Ry4.

Proof:Let A € Rp. Then A = [a: T; » (Ava) v : T[[A/a] € R(yo1)-v0 = RE.
To show R4 C R}, let 7 be an environment with n(a : T) = A and n(z : a) =
a€Ry. Thena=[a:T;z:a>z:alp €RY by definition of RY,.

To show R C Ry, let a=[A; I'>t:7]n € R} where A; I' b ¢ : 7 and 1 have
the properties given in (5). Then A has the form «; : T,...,a, : T, and with
I'=21:01,...,2y : 0y the abstraction

T:T:=Xa1 ... AapAT1 101 .. ATy 1Oy t:Vay .. Vap(or = ... = o — T)
is a closed term of )\gjrv with type A :=[ > 7:T] € Rr. By (i),
[;>7:7] € Deff C Ry.

Let A; = n(a), bj = n(z;) and B; = [A > 0; : T]n. By assumption on n and
since R is pre-logical we have A;, B; € Rt and b; € Rp,. This gives

a=[>t:7] A Ay br- by € Ry-Ap- Ay by bp
C RB,—..—»B,—A - RB,--Rp,, C Ra.

O

Remark 4.15. For )\g’v’a, Mitchell ([Mit86], Theorem 7) states (without proof)
a criterion for the equivalence of two representations of an abstract datatype
where R™ in (ii) is a logical predicate. I am unable to construct such a logical
predicate from his version of (i). It seems unlikely that we can modify the pre-
logical predicate from the proof of 4.14 to obtain a logical predicate satisfying
(ii) (when 3 is dropped), in particular since C may have higher-order constants.



5 Directions for future work

First, we conjecture that the characterizations of pre-logical relations by logical
relations given in [HS99] for first-order models can be transferred to the class
of second-order models considered here, but details remain to be checked (cf.
remark 4.8). Next, a categorical generalization of second-order pre-logical rela-
tions, extending the work on lax logical relations [PPST00], would be useful for
applications to categorical models and probably to imperative languages. Third,
representation independence theorems for languages with 3-types or dependent
types and for a general form of abstraction like

(abstype context with specification is representation in scope)

or SML’s restriction construct structure :> signature would be very useful,
especially for SML with higher-order functors (cf. [Ler95], section 4). Finally,
observational equivalence as the logical relation at 3-types (cf. [Mit86]) may
have a flexible variant with pre-logical relations, in particular in connection with

specification refinement as studied in [Han99].

Acknowledgement Thanks to Furio Honsell for directing me to [HS99], and
to the referees for helpful comments and criticism.

6 Appendix: Adjunction of indeterminates

Definition 6.1. Let A = (A, &,¥,C4) be an extensional model of Az, 7 € T.
Eztend A& to A5 4-terms by adding a constant a for each a € A,. Consider the
equivalece of A& 4-terms of type o in the free variable x : T given by

s(x) =4 t(z) : <= Va € A; [s]la/z] = [t][a/z] € A,.

Each equivalence class [s : 0] of =4 can be represented in the form [f - x| where
f €A .. Since A is extensional, f = [Ax s] is unique and a — [a] is injective.
Let Alz : 1] := (A", ®',¥',C"), the extension of A by the indeterminate x : 7, be

A, =Alz:7lp:={[s][s€Xda, z:T>s:0}
@, ,([f - 2D(lg - 2]) == [Propr—0(Sripo - £)(g) - @]
7, »(Ng - 2].[h(g) - 2]) = [¥rmsp.r 0 () - 2]
C'(c) :=[CA(c)] forc:o€C,

where S; 50 = AfAgrz(fz(gz)) : (1 = p = 0) = (1 = p) = (1 = 0). We
write f - x instead of [f - x] and, correspondingly, Alx : 7], = A5 - .
Lemma 6.2. Let A be an extensional model of A\ and R C A a logical predi-

cate. There is a logical predicate S on Alz : 7] with [z] € S; and R, C S, for
all types o. If R # 0, then So N A, = R,.

Proof. Putting S, := R,_,, - x for all types o, the claim is easily verified.

Note that C' may contain higher-order constants. This is used for V when applying
6.2 in the proof of theorem 4.14. Unfortunately, the lemma apparently is wrong
with pre-logical instead of logical relations.
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