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t. We extend the notion of pre-logi
al relation between modelsof simply typed lambda-
al
ulus, re
ently introdu
ed by F. Honsell andD. Sannella, to models of se
ond-order lambda 
al
ulus. With pre-logi
alrelations, we obtain 
hara
terizations of the lambda-de�nable elementsof and the observational equivalen
e between se
ond-order models. Theseare are simpler than those using logi
al relations on extended models.We also 
hara
terize representation independen
e for abstra
t data typesand abstra
t data type 
onstru
tors by the existen
e of a pre-logi
alrelation between the representations, thereby varying and generalizingresults of J.C. Mit
hell to languages with higher-order 
onstants.1 Introdu
tion\Logi
al" relations between terms or elements of models of the simply typed�-
al
ulus allow one to prove, by indu
tion on the stru
ture of types, synta
ti
alproperties like normalization and Chur
h-Rosser theorems ([Tai67℄, [Sta85℄) andsemanti
al properties like �-de�nability of elements ([Plo80℄, [Sta85℄) or obser-vational equivalen
e of models ([Mit91℄).In �rst-order, i.e. simply typed, �-
al
ulus, a logi
al relation fR� j � 2 Typeg =R is built by indu
tion on types using(f; g) 2 R(�!�) () 8a; b : � ((a; b) 2 R� ! (f � a; g � b) 2 R�); (1)starting from relations R� on base types � . In se
ond-order �-
al
ulus, the do-main of (semanti
) types 
an no longer be 
onstru
ted indu
tively; yet, 
en-tral results of the �rst-order 
ase 
an be transferred, su
h as the 
hara
teriza-tion of �-de�nable elements or that of observational equivalen
e (
f. J. Mit
hell[MM85℄,[Mit86℄).Even in the �rst-order 
ase, logi
al relations have some disturbing properties,viz. they are not 
losed under relation 
omposition and do not admit a 
hara
ter-ization of observational equivalen
e for languages with higher-order 
onstants.To over
ome these diÆ
ulties, several authors (
f. [HS99℄, [PPST00℄, [PR00℄)re
ently have proposed to use a more general 
lass of relations, 
alled pre- or laxlogi
al relations. They arise by restri
ting dire
tion( in (1) to fun
tions that are



�-de�nable (using related parameters). F. Honsell and D. Sannella [HS99℄ gaveseveral 
hara
terizations and appli
ations of pre-logi
al relations that demon-strate the stability and usefulness of the notion.We here follow this route and generalize pre-logi
al relations to the se
ond-order�-
al
ulus by similarly weakening the 
onditions for R8�� . As in the �rst-order
ase, the �-de�nable elements of a model 
an then be 
hara
terized as the inter-se
tion of all pre-logi
al predi
ates on the model. It follows that observationalequivalen
e of se
ond-order models 
an be expressed as a suitable pre-logi
alrelation between models.But our main interst lies on the equivalen
e of di�erent implementations orrepresentations of an abstra
t datatype � and the operations 
 : �(�) 
omingwith it. Two representations (�i; ti : �[�i=�℄) of (�; 
 : �) in a model A areequivalent if appropriately de�ned expansions A(�i; ti) of A are observationallyequivalent with respe
t to the language not 
ontaining � and 
.For languages without higher-order 
onstants, J. C. Mit
hell[Mit86,Mit91℄ has
hara
terized this equivalen
e by the existen
e of a suitable logi
al relation be-tween expansions of the models. However, programming languages like StandardML [MTHM97℄ not only have abstra
t data types in the presen
e of higher-order
onstants, but they also allow to abstra
t from data type 
onstru
tors (and, insome versions, higher-order fun
tors). We handle abstra
t type 
onstru
tors asindeterminates on the kind level and their implementations as de�nable expan-sions of a se
ond-order model. Representation independen
e for abstra
t type
onstru
tors 
an then be 
hara
terized as the existen
e of a se
ond-order pre-logi
al relation between the representations. This also holds for languages withhigher-order 
onstants.In se
tion 2 we 
onsider de
larations of abstra
t data types as expansions of�rst-order models by de�nable types and elements, and 
ompare a 
hara
teriza-tion of equivalent representations based on pre-logi
al relations with a 
riterionby Mit
hell based on logi
al relations. Se
tion 3 gives syntax and semanti
s forse
ond-order �-
al
ulus. In se
tion 4 we de�ne se
ond-order pre-logi
al relations,present some basi
 properties in 4.1, and use them in 4.2 to 
hara
terize de�n-able elements and observational equivalen
e for se
ond order models. Se
tion 4.3treats abstra
t type 
onstru
tors and polymorphi
 
onstants and 
hara
terizesthe equivalen
e of two representations by de�nable type 
onstru
tors.2 Pre-Logi
al Relations for Simply Typed �-Cal
ulusLet T be the simple types �; � ::= � j (� ! �) over base types �. We write� . t : � for a term typed in the 
ontext � : Var ! T using the standard typingrules. �!C stands for the set of typed terms over a set C of typed 
onstants, 
 : �.De�nition 2.1. An (extensional) model A = (A;�!; 	!; CA) of the simplytyped �-
al
ulus �!C 
onsists of a family A = hA�i�2T of sets, an interpretationCA(
) 2 A� of the 
onstants 
 : � 2 C, and families h�!�;� i�;�2T and h	!�;� i�;�2T



of mappings�!�;� : A(�!�) ! [A� ! A� ℄ and 	!�;� : [A� ! A� ℄! A(�!�);where [A� ! A� ℄ � fh j h : A� ! A�g 
ontains all de�nable fun
tions, su
hthat �!�;� Æ 	!�;� = Id (A�!A� ) (and 	!�;� Æ �!�;� = IdA(�!�)) for all �; � 2 T .An environment � over A satis�es the 
ontext � , in symbols: � : � ! A, if�(x) 2 A� for all x : � in � . Terms are interpreted in A unter � : � ! A via[[� . (r � s)℄℄� := ��;� ([[� . r : (� ! �)℄℄�)([[� . s : �℄℄�);[[� . �xt : (� ! �)℄℄� := 	�;� (�a 2 A� :[[�; x : � . t : � ℄℄�[a=x℄):We write [[t℄℄� rather than [[� . t : � ℄℄�, if � and � are 
lear from the 
ontext.De�nition 2.2. A predi
ate R � A on A is a family R = fR� j � 2 Tg withR� � A� for ea
h � 2 T . An environment � : � ! A over A respe
ts R, insymbols: � : � ! R, if �(x) 2 R� for ea
h x : � 2 � .A predi
ate R � A is 
alled pre-logi
al, if [[� . t : � ℄℄� 2 R� for ea
h term� . t : � and environment � : � ! R. A pre-logi
al relation between A and Bis a pre-logi
al predi
ate on A�B.The de�nition is easily adapted to extensions of T by 
artesian produ
ts (�� �)and disjoint unions (�+�), if the extension of terms is done by adding 
onstants.The property used here as a de�nition is 
alled the \Basi
 Lemma" for pre-logi
alrelations by Honsell and Sannella. The Basi
 Lemma for logi
al relations saysthat every logi
al relation is a pre-logi
al relation.Let Def A = fDef A� j � 2 Tg be the predi
ate of de�nable elements of A, whereDef A� := f[[t℄℄A j . t : � ; t 2 �!C g:Normally, Def A is not a logi
al predi
ate sin
e [Def� ! Def� ℄ 6� Def�!� . But:Theorem 2.3 ([HS99℄,Proposition 5.7, Example 3.10) Let A be a model of �!C .(i) For ea
h predi
ate C � A, there is a least pre-logi
al predi
ate R � A withC � R. (ii) Def A is the least pre-logi
al predi
ate on A.We use the following version of observational equivalen
e (it di�ers slightly fromindistinguishability by 
losed equations of observable types as used in [HS99℄):De�nition 2.4. Let T+ be the simple types generated from a superset of thebase types of T , and C+ an extension of C by new 
onstants with types in T+.Let A+;B+ be two models of �!C+ with A+� = B+� for all � 2 T . A+ and B+are observationally equivalent with respe
t to T , in symbols: A+ �T B+, if[[t℄℄A+ = [[t℄℄B+ for all . t : � of �!C+ where � 2 T .Theorem 2.5 (
f. [HS99℄, Theorem 8.4) A+ �T B+ i� there is a pre-logi
alrelation R+ � A+ �B+ su
h that R+� \ (Def A+� �Def B+� ) � Id� for all � 2 T .For ) use 2.3 and R+ = Def A+�B+ . With logi
al relations we have ) only ifC does not 
ontain higher-order 
onstants. (
f. Exer
ise 8.5.6 in [Mit96℄.)



2.1 Abstra
t data types and representation independen
eThe de
laration of an abstra
t data type,(abstype (�; x : �) with x : � . e1 = e2 : � is (�; t : �[�=�℄) in s); (2)introdu
es a \new" type � and a \new" obje
t x : �(�) with \de�ning" propertye1 = e2 : �(�), whi
h are interpreted in s
ope s by the type � and the term t,where � does not o

ur in the type of s. Roughly, evaluation of (2) in a model Aof �!C is done by �rst expanding A by interpreting � by A� and x by the valueof t : �[�=�℄ and then evaluating s in the expanded model, A(�; t) (see below).The data type (�; x : �) is abstra
t in s if the value of s is independent fromthe representation (�; t) used; i.e. if for any two representations (�i; ti : �[�i=�℄),i = 1; 2, that \satisfy" the equation x : � . e1 = e2 : �, we have[[s℄℄A(�1;t1) = [[s℄℄A(�2;t2): (3)To \satisfy" the equation e1 = e2 in an expansion A(�i; ti), the equality onthe new type � normally is not true equality on A�i , but a suitable partialequivalen
e relation on A�i :[[(abstype (�; x0 : �0) with x0 : �0 . e1 = e2 : � is (�0; t : �0[�0=�℄) in s)℄℄A�:=8>>><>>>: (let A+ = A(�0; [[t℄℄A�) in [[s℄℄A+�); if there is a pre-logi
alpartial equivalen
e relation E � A+�A+ su
h that([[e1℄℄�A+ ; [[e2℄℄�A+) 2 E� and E� = IdA� for � 2 T ;error; else:Note that in the �rst 
ase, there is a least su
h E , and A is 
anoni
ally embeddedin A+=E . Sin
e E is pre-logi
al, the value of x0 in A+ is self-related by E�0 , andthe additional operations provided by t a
tually belong to A+=E , whi
h satis�ese1 = e2. But sin
e the type of s does not involve �, the value of s in A+ andA+=E is the same, so there is no need to a
tually 
onstru
t A+=E .De�nition 2.6. Let T+ be the types 
onstru
ted from the base types of T anda new base type �. Let �0 2 T+ and C+ = C; x0 : �0. For �0 2 T , a 2 A�0[�0=�℄let A(�0; a) = A+ := (A+; �+; 	+; (C+)A+) be given by:A+� := A�[�0=�℄; (�+)!�;� := �!�[�0=�℄;� [�0=�℄;(C+)A+(
) = �CA(
); 
 : � 2 C,a; 
 : � � x0 : �0, (	+)!�;� := 	!�[�0=�℄;� [�0=�℄:We 
all the model A+ of �!C+ the expansion of A de�ned by (�0; a).From now on we fo
us on the equivalen
e of representations and ignore the re-stri
tion to implementations satisfying a spe
i�
ation. Two expansions A(�1; t1)and A(�2; t2) of A are equivalent representations of an abstype (�; x : �) if (3)holds for all terms s whose type does not 
ontain �, i.e. if A(�1; t1) �T A(�2; t2).



Remark 2.7. For a 
areful 
ategori
al treatment of abstra
t data types withequational spe
i�
ations, see [PR00℄. The simpler form of abstype de
larations(abstype (�; x : �) is (�; t) in s) does o

ur in programming languages like SMLand has been investigated in [MP85,Mit91℄. It 
an be viewed as a 
ase of SML'srestri
tion Str :> Sig of the stru
ture (� = �; x = t) to the signature (�; x : �).Example 2.8 Consider a type of multisets with some higher-order operations.(Assume that 'a = ''b is a �xed type of T . A
tually, bag : T ) T is a type
onstru
tor, sin
e 'a and ''b are type variables. See se
tion 4.2 for this.)signature BAG = sigtype 'a bagval empty : 'a bagval member : ''a -> ''a bag -> intval insert : ''a * int -> ''a bag -> ''a bagval map : ('a -> ''b) -> 'a bag -> ''b bagval union : ('a -> ''b bag) -> 'a bag -> ''b bagendAn A-bag B represents the multiset f(a; n) j member a B = n > 0; a 2 Ag.Ea
h implementation of member gives a partial equivalen
e relation E su
h thatB1 EBAG B2 i� B1 and B2 represent the same multiset. One implementation Bag1of bags is by lists of elements paired with their multipli
ity:stru
ture Bag1 :> BAG = stru
ttype 'a bag = ('a * int) listfun member a [℄ = 0| member a ((b,n)::B) = if a=b then n else (member a B)...endAnother implementation Bag2 is by lists of elements:stru
ture Bag2 :> BAG = stru
ttype 'a bag = 'a listfun member a [℄ = 0| member a (b::B) = if a=b then 1+(member a B) else (member a B)...endThe implementations Bag1 and Bag2 are observationally equivalent if they assignthe same value to the 
losed terms (member s t) : int.Observational equivalen
e 
an be 
hara
terized by pre-logi
al relations. To 
overnested abstype-de
larations, we 
hara
terize the observational equivalen
e of twoexpansions of models that are related by a pre-logi
al relation R instead of Id .Theorem 2.9 Let R � A � B be a pre-logi
al relation. Let A+ and B+ bede�nable expansions of A and B to models of �!C+ . The following are equivalent:(i) for ea
h 
losed �!C+-term . t : � with � 2 T we have [[t℄℄A+ R� [[t℄℄B+ .(ii) there is a pre-logi
al relation R+ with A+R+ B+ and R+� = R� for all � 2 T .



Proof. For simpli
ity of notation we 
onsider the unary 
ase. i.e. pre-logi
alpredi
ates R � A and R+ � A+. (ii) ) (i) is obvious. (i) ) (ii): for � 2 T+ letDef +� = f[[t℄℄A+ j t 2 �!C+ ; ` t : �g and C� := �R� ; � 2 T ,Def +� ; else.By assumption we have Def +� � R� for � 2 T . Ea
h logi
al predi
ate R+ on A+as in (ii) satis�es the following 
onditions in positively o

urring unknowns X� :X� � C� [[fX(�!�) �X� j � 2 T+g; � 2 T+: (4)Let R+ = fR+� j � 2 T+g � A+ be the least solution of (4). It is a pre-logi
alpredi
ate: if � : � ! R+ and � . t : � is a �!C+-term, with � = fx : �g say, then[[� . t : � ℄℄� = [[ . �x : �:t : � ! � ℄℄ � �(x) 2 Def +�!� � R+� � R+�!� � R+� � R+� :It is not hard to see that for ea
h � 2 T+R+� =[fDef +�1!:::!�n!� � R�1 � � �R�n j n 2 IN ; �1; : : : �n 2 Tg:For �; � 2 T we have Def +�!� � R�!� by (i), whi
h gives Def +�!� �R� � R� andso R+� � R� . Therefore we also have R+� = R� for � 2 T . 2In the 
orresponding theorem for logi
al relations (
f. [Mit91℄, Cor.1), dire
tion(i) ) (ii) is restri
ted to languages where C has no higher-order 
onstants. Thelogi
al relation R+ in (ii) 
an then be indu
tively generated from the predi
atesfR+� j � 2 T+ a base typeg of the least solution of (4). This works even when all
onstants 
 : � 2 C+ are �rst-order in �, like map in 2.8. The observational equiv-alen
e of two representations 
an be shown by (ii)) (i). When used with logi
alrelations, premise (ii) 
an be reformulated to a `lo
al' 
riterion for equivalen
eof representations, whi
h fails for pre-logi
al relations:Lemma 2.10. (
f. [Mit86℄, Lemma 4) Let A and B be logi
ally related by R,and let A+ and B+ be de�nable expansions of A and B to models of �!C+ . Then(ii) and (i) are equivalent:(i) There is a relation R+� � A+� �B+� , su
h that 
A+R+� 
B+ for 
 : � 2 C+ nC,where R+� := R� for � 2 T and R+(�!�) = [R+� ! R+� ℄ for (�! �) =2 T .(ii) There is a logi
al relation R+ � A+ �B+ with R+� = R� for all � 2 T .Unfortunately, if R � A�B is pre-logi
al, then 
ondition (i) does not imply theexisten
e of a pre-logi
al relation R+ � A+ � B+ that agrees with R on typesof T , be
ause the ne
essary 
ondition (
f. Theorem 2.9, (i)) Def +(�!�) � R(�!�)for (� ! �) 2 T may fail: Take f 2 [R� ! R� ℄ nR(�!�) and let f = 
2 Æ 
1 with
onstants 
1 : � ! �; 
2 : �! � for some � =2 T .Hen
e, although pre-logi
al relations give a 
omplete 
hara
terization of theequivalen
e of representations when higher-order 
onstants are present, theyseem harder to use in establishing the equivalen
e of representations: insteadof 
he
king the existen
e of R+� with property (i) of 2.10, one has to 
he
k theglobal property of �!C+-observational equivalen
e with respe
t to all types of T .



3 Se
ond Order Lambda Cal
ulus, �!;8CWe now look at de�nability and observational equivalen
e for the se
ond order�-
al
ulus �!;8C . The 
hara
terizations by pre-logi
al relations are similar to the�rst-order 
ase, but the 
onstru
tion of pre-logi
al relations is more elaboratesin
e these 
an no longer be de�ned by indu
tion on type expressions.3.1 Syntax and semanti
s of �!;8CIn se
ond order lambda 
al
ulus, in addition to terms denoting obje
ts one has
onstru
tors denoting types or fun
tions on types.De�nition 3.1. The kinds � of �!;8C are given by � := T j (� ) �). The
lassi�
ation C of 
onstants is split in two 
omponents, C = (CKind ; CType).By CKind , a set of assumptions of the form 
 : �, ea
h 
onstru
tor 
onstant 
is assigned a unique kind �. In parti
ular, CKind 
ontains the type 
onstru
tors! : T ) (T ) T ) and 8 : (T ) T )) T .A 
onstru
tor � . � : � of kind � is a sequent derivable with the following rulesof �)CKind , where � is a 
ontext of kind assumptions for 
onstru
tor variables:(Mon) � . � : ��; � : �0 . � : �; � 62 dom(�)(Const) � . 
 : �; for 
 : � 2 CKind (Var) �; � : � . � : �() E) � . � : (�1 ) �2); � . � : �1� . (� � �) : �2 () I) �; � : �1 . � : �2� . ��:� : (�1 ) �2) :For �)CKind we assume a redu
tion relation ; subsuming �; �; �-redu
tion andsatisfying the subje
t redu
tion, i.e. if � . � : � and �; �, then � . � : �.(=1) � . � : � �; �� . � = � : � (=2) � . � : � �; �� . � = � : �A type � . � : T is 
onstru
tor of kind T . We use �; � for types and write(� ! �) and 8�� et
. By CType , a set of assumptions of the form 
 : �, ea
hindividual 
onstant 
 is assigned a unique 
losed 
onstru
tor � of kind T .A typed term � ; � . t : � is a sequent derivable with the following rules, where� is a 
ontext of kind assumptions for 
onstru
tor variables and � is a 
ontextof type assumptions for individual variables:(mon) � ; � . t : � � . � : T� ; �; x : � . t : � ; x =2 dom(� )(
onst) . � : T� ; � . 
 : � ; for 
 : � 2 CType(var) � . � : T� ; �; x : � . x : � ; x =2 dom(� )



(! I) � . � : T � ; �; x : � . t : �� ; � . (�x : �:t) : (� ! �)(! E) � . � : T � ; � . t : (� ! �) � ; � . s : �� ; � . (t � s) : �(8I) � . � : (T ) T ) �;� : T ; � . t : (� � �)� ; � . ��t : 8� ; if � is not in �(8E) � . � : (T ) T ) � . � : T � ; � . t : 8�� ; � . (t � �) : (� � �)(Typ =) � ; � . t : � � . � = � : T� ; � . t : �By indu
tion on the derivation, using the subje
t redu
tion property of �)CKindin the 
ase of (Typ =), we obtain:Proposition 3.2. If � ; � . t : � is a term, then � . � : T is a type.De�nition 3.3. A model frame M = (U ;D; �; 	) for �!;8C 
onsists of1. an extensional model U = (U;�); 	); CUKind ; [[�℄℄U �) of �)CKind to interpretethe 
onstru
tors,2. a family of individual domains for the types, D = (hDAiA2UT ; CDType); withindividuals CDType(
) 2 D[[� ℄℄U for 
 : � 2 CType ,3. families � = (�!; �8), 	 = (	!; 	8) with �! = h�!A;BiA;B2UT ; �8 =h�8f if2U(T)T) ; 	! = h	!A;BiA;B2UT ; 	8 = h	8f if2U(T)T) of mappings�!A;B : D(A!B) �! [DA ! DB ℄ 	!A;B : [DA ! DB ℄ �! D(A!B)�8f : D8f �! [�A 2 UT :Df �A℄ 	8f : [�A 2 UT :Df �A℄ �! D8f ;for subsets [DA ! DB ℄ � fh j h : DA ! DBg and [�A 2 UT :Df �A℄ ��A 2 UT :Df �A; su
h that for all A;B 2 UT and f 2 U(T)T )�!A;B Æ 	!A;B = Id [DA!DA℄ and �8f Æ 	8f = Id [�A2UT :Df�A℄:A (environment) model of �!;8C 
onsist of a model frame M = (U ;D; �; 	) andan evaluation [[�℄℄D� of terms, su
h that every typed term gets a value using[[� ; � . x : � ℄℄� = �(x); [[� ; � . 
 : � ℄℄� = CDType(
); for 
 : � 2 CType[[� ; � . (t � s) : � ℄℄� = �![[� . �℄℄�;[[� . � ℄℄�([[� ; � . t : (� ! �)℄℄�)([[� ; � . s : �℄℄�)[[� ; � . �x : �:t : (� ! �)℄℄� =	![[� . �℄℄�;[[� . � ℄℄�(�a 2 D[[� . �:T ℄℄�:[[� ; � . t : � ℄℄�[a=x℄)[[� ; � . (t � �) : (� � �)℄℄� = 	8[[� . �:(T)T )℄℄�([[� ; � . t : 8�℄℄�)([[� . � : T ℄℄�)[[� ; � . ��t : 8�℄℄� = 	8[[� . �:(T)T )℄℄�(�A 2 UT :[[�;� : T ; � . t : (� � �)℄℄�[A=�℄)



In parti
ular, [[� ; � . t : � ℄℄� 2 D[[� . � :T ℄℄�. If it is 
lear whi
h 
ontext and typeis meant, we write [[t℄℄� instead of [[� ; � . t : � ℄℄�. We write 
D for CDType(
).We refer to Bru
e e.a.[BMM90℄ for an overview of various models of �!;8C .4 Pre-Logi
al Relations for Se
ond Order �-Cal
ulusDe�nition 4.1. Let A = (U ;D; �; 	; [[�℄℄D�) be an environment model of �!;8C .A predi
ate R = (RKind ;RType) on A 
onsists of a predi
ate RKind = fR� j� 2 Kindg on U where R� � U� for ea
h � 2 Kind and a predi
ate RType =fRA j A 2 RT g on D where RA � DA for ea
h A 2 RT .An environment � : �;� ! A respe
ts the predi
ate R, in symbols: � : �;� !R, if �(v) 2 R� for ea
h v : � 2 � and �(x) 2 R[[� . � :T ℄℄� for ea
h x : � 2 � .The predi
ate R � A is algebrai
, if RKind is algebrai
 (Def. 3.2 of [HS99℄) anda) 
D 2 RA for ea
h 
 : � 2 CType where A = [[ . � : T ℄℄U ,b) R(A!B) � fh 2 D(A!B) j h � RA � RBg for all A;B 2 RT ,
) R8f � fh 2 D8f j 8A 2 RT h � A 2 Rf �Ag for all f 2 R(T)T ).An algebrai
 predi
ate R is logi
al, if in b) and 
) we also have �.De�nition 4.2. A predi
ate R = (RKind ;RType) on A is pre-logi
al, if(i) RKind is a pre-logi
al predi
ate on U , and(ii) RType is a `pre-logi
al predi
ate on D', i.e. [[� ; � . t : � ℄℄� 2 R[[� . � :T ℄℄� forea
h term � ; � . t : � and every environment � : � ;� ! R.An algebrai
 (logi
al, pre-logi
al) relation R between A1; : : : ;An is an algebrai
(logi
al, pre-logi
al) predi
ate R � A1 � : : :�An.4.1 Basi
 properties of se
ond-order pre-logi
al relationsThe Basi
 Lemma for se
ond order logi
al relations just says they are pre-logi
al:Theorem 4.3 ([MM85℄, Theorem 2) Let R � A�B be a logi
al relation betweenenvironment models A and B of �!;8C . For ea
h term � ; � . t : � and every en-vironment � : �;� ! R, [[� . � : T ℄℄� 2 RT and [[� ; � . t : � ℄℄� 2 R[[� . � :T ℄℄�:As in the �rst-order 
ase one 
an view de�nition 4.2 as a Basi
 Lemma forrelations de�ned using the following properties:Lemma 4.4. A predi
ate R � A is pre-logi
al i�:1. RKind is pre-logi
al and R is algebrai
,2. for all terms � ; �; x : � . t : � and environments � : �;� ! R su
h that8a 2 R[[�℄℄� [[� ; �; x : � . t : � ℄℄�[a=x℄ 2 R[[� ℄℄�;we have [[� ; � . �x : � t : (� ! �)℄℄� 2 R[[�!� ℄℄�;



3. for all terms �;� : T ; � . t : � and environments � : �;� ! R su
h that8A 2 RT [[�;� : T ; � . t : � ℄℄�[A=�℄ 2 R[[�;�:T . � :T ℄℄�[A=�℄;we have [[� ; � . �� t : 8�� ℄℄� 2 R[[8�� ℄℄�:Proof. ): Let R be pre-logi
al. Then RKind is pre-logi
al and algebrai
. Toshow that RType is algebrai
, i.e. that a), b), 
) of de�nition 4.1 hold, we fo
uson 
): If f 2 R(T)T ), h 2 R8f and A 2 RT , and say � = fv : (T ) T ); � : Tg,� = fx : 8vg, then sin
e � ; � . x � � : v � � one hash �A = [[� ; � . x � � : v � �℄℄� 2 R[[� . v��:T ℄℄� = RfAfor all environments � with �(v) = f , �(�) = A, and �(x) = h. That R satis�es2. and 3. on de�nable fun
tions is seen for 2. via � ; � . �x : � t : (� ! �) andfor 3. via � ; � . ��t : 8�� .(: Condition (i) of de�nition 4.2 is 
lear, and for (ii) the assumptions are justwhat is needed to prove the 
laim [[� ; � . t : � ℄℄� 2 R[[� ℄℄� by indu
tion on thederivation of � ; � . t : � . 2The 
lass of �rst-order binary pre-logi
al relations is 
losed under 
omposition.For se
ond-order relations R � A�B and B � B � C, de�ne R Æ S by taking(R Æ S)Kind = f(R Æ S)� j � 2 Kindg; where (R Æ S)� := R� Æ S�;(R Æ S)Type = f(R Æ S)(A;C) j (A;C) 2 (R Æ S)T g; where(R Æ S)(A;C) =[fR(A;B) Æ S(B;C) j B 2 UBT ; (A;B) 2 RT ; (B;C) 2 ST g:It is then routine to 
he
k the followingProposition 4.5. Let R � A�B and S � B�C be pre-logi
al relations betweenmodels of �!;8C . Let � = (�A; �C) : �;� ! R Æ S and suppose there is some�B : �;� ! B su
h that (�A; �B) : �;� ! R and (�B; �C) : �;� ! S. Then[[� ; � . t : � ℄℄� 2 (R Æ S)[[� . � :T ℄℄�for ea
h term � ; � . t : � .This does not quite mean that R Æ S is a pre-logi
al relation: of 
ourse, forea
h � : �;� ! R Æ S there is some �BKind : � ! B su
h that (�A; �BKind ) :� ! RKind and (�BKind ; �C) : � ! SKind . Yet, there may be no extension�B = �BKind [�BType as needed in the proposition: if �(x : �) = (a; 
) 2 (RÆS)(A;C)for (A;C) = [[� . � : T ℄℄�, there is some B su
h that (A;B) 2 RT ; (B;C) 2 ST ,and (a; b) 2 R(A;B); (b; 
) 2 S(B;C), but B may depend on (a; 
), not just (A;C),and may be di�erent from [[�℄℄�BKind .If for ea
h (A;C) 2 (RÆS)T , the relations R(A;B)ÆS(B;C) for all B with (A;B) 2RT and (B;C) 2 ST 
oin
ide, we 
an extend �BKind by a suitable �BType . So westill have the following spe
ial 
ase, whi
h may be suÆ
ient for appli
ations ofse
ond-order pre-logi
al relations to step-wise data re�nement (
f. [HLST00℄):



Corollary 4.6. If R � A � B and S � B � A are pre-logi
al and RT (or theinverse of ST ) is fun
tional, then R Æ S is pre-logi
al.For the same reason, the proje
tion of a pre-logi
al R � A � B to the �rst
omponent is a pre-logi
al predi
ate on A if R is fun
tional, but not in general.Proposition 4.7. Let fRi j i 2 Ig be a family of pre-logi
al predi
ates on A.Then TfRi j i 2 Ig is a pre-logi
al predi
ate.Remark 4.8. By Proposition 7.1 of [HS99℄, every �rst-order pre-logi
al relationR � A � B is the 
omposition of three logi
al relations, embedA � A � A[X ℄,R[X ℄ � A[X ℄�B[X ℄, and embed�1B � B[X ℄�B, where X is a set of indetermi-nates. Sin
e the embedding relations are fun
tional, we expe
t that this resultextends to the se
ond-order 
ase, using Corollary 4.6.4.2 De�nability and observational equivalen
eDe�nition 4.9. Let A = (U ;D; �; 	; [[�℄℄�) and A 2 UT . Element a 2 DA isde�nable of type A, if there is a 
losed term ; . t : � of �!;8C with A = [[ . � : T ℄℄Aand a = [[; . t : � ℄℄A. We denote the set of de�nable elements of type A byDef AA := f[[; . t : � ℄℄A j ; . t : � a 
losed term; A = [[ . � : T ℄℄Ag:Mit
hell and Meyer ([MM85℄, Theorem 4) have 
hara
terized the set of de�nableelements of a model A of �!;8C as the interse
tion of all logi
al relations on anextension A� of A by in�nitely many unknowns of ea
h type. Using pre-logi
alrelations, we get a simpler 
hara
terization:Theorem 4.10 An element a of A is de�nable of type A 2 UT i� for ea
hpre-logi
al predi
ate R � A we have A 2 RT and a 2 RA.Proof. ): There is a term ; . t : � with A = [[ . � : T ℄℄ and a = [[; . t : � ℄℄ 2 DA.For ea
h pre-logi
al predi
ate R on A, [[; . t : � ℄℄ 2 R[[ . � :T ℄℄ by de�nition, andA = [[ . � : T ℄℄ 2 RT follows from . � : T , by 2.3.(: We show that Def = (DefKind ;DefType) is a pre-logi
al predi
ate on A. ThenA 2 DefT , so A = [[ . � : T ℄℄ for some type . � : T , and for a 2 DefA there is aterm ; . t : � with a = [[; . t : � ℄℄ and [[ . � : T ℄℄ = A. So a is de�nable of type A.By theorem 2.3, DefKind = fDef� j � 2 Kindg where Def� = f[[�℄℄ j . � : �g, ispre-logi
al, sin
e U is a model of �)CKind .For DefType , suppose � ; � . t : � and � : �;� ! Def . For ea
h vi : �i 2 � andxj : �j 2 � there is . �i : � and ; . tj : �j su
h that �(vi) = [[�i℄℄ 2 Def� and�(xj) = [[; . tj : �j ℄℄ 2 Def [[ . �j :T ℄℄. With the substitution lemma (
f. [BMM90℄),[[� ; � . t : � ℄℄� = [[� ; � . t : � ℄℄[[[ . �1 : �1℄℄=v1; : : : ; [[; . t1 : �i℄℄=x1; : : :℄= [[; . (t : �)[�1=v1; : : : ; t1=x1; : : :℄℄℄2 Def [[ . � [�1=v1;:::;t1=x1;:::℄:T ℄℄ = Def [[� . � :T ℄℄�:Hen
e Def is the least pre-logi
al predi
ate on A. 2



De�nition 4.11. Let OBS be a set of 
losed types and A;B be models of �!;8Csu
h that DA[[� ℄℄ = DB[[� ℄℄ for ea
h � 2 OBS. A and B are observationally equiv-alent, in symbols: A �OBS B, if [[; . t : � ℄℄A = [[; . t : � ℄℄B for all 
losed terms; . t : � where � 2 OBS.Theorem 4.12 Suppose ` � = � whenever [[ . � : T ℄℄A�B = [[ . � : T ℄℄A�B. ThenA �OBS B i� there is a pre-logi
al relation R � A�B withR(A;B) \ (Def AA � Def BB ) � IdA;B � DAA �DBBfor ea
h observable type . � : T 2 OBS, where (A;B) = [[ . � : T ℄℄A�B.Proof. ( Let ; . t : � be a term. Then . � : T and sin
e R is pre-logi
al, wehave (A;B) 2 RT for (A;B) = [[ . � : T ℄℄A�B, and (a; b) 2 R(A;B) for (a; b) =[[ . t : � ℄℄A�B. If � : T 2 OBS then a = b by the assumption.): Take R := Def A�B, whi
h is pre-logi
al by the previous proof. Suppose. � : T 2 OBS and (A;B) = [[ . � : T ℄℄A�B. For (a; b) 2 R(A;B), there is a term; . s : � su
h that(a; b) = [[; . s : �℄℄A�B and (A;B) = [[ . � : T ℄℄A�B:By assumption, ` � = � , hen
e ; . s : � by (Typ =), and (a; b) = [[; . s : � ℄℄A�B.Sin
e A �OBS B and � 2 OBS , we get a = b. 24.3 Abstra
t type 
onstru
tors and representation independen
eTo simplify the setting, we had assumed that the de
laration in example 2.8introdu
es an abstra
t type, � bag , and 
onstants x : � of simple type. But infa
t we would like to model a de
laration like(abstype (bag : T ) T; x : �) is (�� : T:�; t : �[�� : T:�=bag ℄) in s);introdu
ing a type 
onstru
tor and a 
onstant of polymorphi
 type �. In �!;8C we
an do this as follows: we extend A = (U ; �; 	; CA; [[�℄℄�) to a model A+, by �rstadjoining (
f. de�nition 6.1) an indeterminate, bag , to the kind stru
ture U :U+ = U [bag : T ) T ℄ = fU+� j � 2 Kindg; where U+� := U(T)T ))� � bag :This provides us with new types (A bag); ((A bag) bag) 2 U+T , for ea
h A 2 UT ,and we 
an introdu
e new 
onstants of polymorphi
 type, likeempty : 8�:(� bag) or member : 8�(�! ((� bag)! int)):Next, when assigning domains to the new types, we interprete bag by a de�nable
onstru
tor, for example the list 
onstru
tor � : T ) T , and use the domains ofthe resulting types of UT as domains of the new types, i.e.D+A bag := DA� = (DA)�;



and as interpretation of the new 
onstants the elements of these domains thatare the values of the de�ning terms, for example[[empty : 8�:(� bag)℄℄+ := [℄ 2 D[[8�:��℄℄ = D+[[8�(� bag)℄℄:Noti
e that a predi
ate R on A+ will have di�erent predi
ates RA bag ; RA� �DA bag = DA� , sin
e the types A bag and A� are not the same.De�nition 4.13. Let v0 : �0 . �0 : T and C+ := CKind ; v0 : �0 ; CType ; x0 : �0be an extension of C by new `
onstants' v0; x0. Let A = (U ;D; �; 	; [[�℄℄) be anenvironment model of �!;8C , . �0 : �0 a 
losed 
onstru
tor of �)CKind with valuek0 = [[ . �0 : �0℄℄, and A = [[�0[�0=v0℄℄℄ 2 UT and a 2 DA.De�ne the expansion A(�0; a) := A+ = (U+;D+; �+; 	+; [[�℄℄+) as follows: U+ =U [v0 : �0℄ is the extension of U by an indeterminate v0 : �0 (
f. de�nition 6.1).Ea
h k 2 U+� 
an be seen as an element of U(�0)�) and hen
e determines anelement k(k0) 2 U�; therefore, D+; �+; 	+; ([[�℄℄�)+ are given byD+A := DA(k0);xD+0 := a; 
D+ := 
D for 
 : � 2 CType ;(�+)!A;B := �!A(k0);B(k0); (	+)!A;B := 	!A(k0);B(k0);(�+)8f := �8f(k0); (	+)8f := 	8f(k0);and [[� ; � . t : � ℄℄D+� := [[� ; � . t : � ℄℄D�k0 , where �k0(v) := �(v)(k0) 2 U� forv : � 2 � and �k0(x) := �(x) 2 DA(k0) for x : � 2 � with A = [[� . � : T ℄℄ 2 U+T .We 
an now give a generalization of the representation independen
e theorem2.9 to �!;8C that 
overs abstra
t type 
onstru
tors. (This is also the reason whywe did not use �!;8;9C : adding 9 : (T ) T )) T to �!;8C to handle abstra
t types(
f. [MP85℄) would not be suÆ
ient; we'd need existential quanti�ers of otherkinds as well.) For simpli
ity of notation, we only state the unary version.Theorem 4.14 Let R be a pre-logi
al predi
ate on a model A of �!;8C , su
hthat RKind is logi
al and its elements are de�nable using parameters of RT . Forea
h de�nable expansion A+ = A(�0; a) of A to a model of �!;8C+ , the followingare equivalent:(i) Def +A � RA for ea
h A 2 RT .(ii) There is a pre-logi
al predi
ate R+ � A+ su
h that RT � R+T and R+A = RAfor all A 2 RT .Proof. (ii) ) (i): for A 2 RT � R+T we have Def +A � R+A sin
e R+ is pre-logi
al,so Def +A � RA by R+A = RA.(i)) (ii): By 
onstru
tion, elements of U+� are equivalen
e 
lasses [v0 : �0 . � : �℄of 
onstru
tors � 2 �)CKind ;U with parameters for elements of U ; ea
h one 
an bewritten as [k � v0℄ with a unique k 2 U(�0)�). We de�ne R+Kind � U+ byR+Kind := fR+� j � 2 Kindg; where R+� := R(�0)�) � v0 for � 2 Kind :



For R+Type = fR+A j A 2 R+T g, let R+A be the set of elements of D+A that 
an bede�ned in �!;8C+ with type parameters from RT and individual parameters fromRType , i.e. for A 2 R+T (and � = (�Kind ; �Type)) we putR+A := f [[� ; � . t : � ℄℄� j � ; � . t : � is a term of �!;8C+ ;�Kind : �! RT ; A = [[� . � : T ℄℄�Kind ;for all x : � 2 � is � a type of �!;8C ;�Type : � ! RType g: (5)
Claim 1 R+ := (R+Kind ;R+Type) is a pre-logi
al predi
ate on A+.Proof: (Sket
h) Sin
eRKind is logi
al, not just pre-logi
al, by lemma 6.2,R+Kind �U+ is a logi
al, hen
e pre-lo
gial predi
ate. For RType we use lemma 4.4. To seethat R+ is algebrai
, use the fa
t that types A 2 R+T 
an be represented as � �v0for some � 2 R(�0)T ), and by the assumption on R, � is de�nable by a term of�)CKind with parameters from RT .To show 2. and 3. of Lemma 4.4, suppose f is a fun
tion �-de�nable with param-eters from R+. Use the substitution lemma to repla
e in f 's de�ning term allparameters from R+ by their de�ning �!;8C+ -terms with parameters from RType .Claim 2 For ea
h A 2 RT we have A 2 R+T and R+A = RA.Proof: Let A 2 RT . Then A = [[� : T ; . (�v �) � v0 : T ℄℄[A=�℄ 2 R(�)T ) �v0 = R+T .To show RA � R+A, let � be an environment with �(� : T ) = A and �(x : �) =a 2 RA. Then a = [[� : T ;x : � . x : �℄℄� 2 R+A by de�nition of R+A.To show R+A � RA, let a = [[� ; � . t : � ℄℄� 2 R+A where � ; � . t : � and � havethe properties given in (5). Then � has the form �1 : T; : : : ; �n : T , and with� = x1 : �1; : : : ; xm : �m the abstra
tion�t : �� := ��1 : : : ��n�x1 : �1 : : : �xm : �m: t : 8�1 : : :8�n(�1 ! : : :! �m ! �)is a 
losed term of �!;8C+ with type �A := [[ . �� : T ℄℄ 2 RT . By (i),[[; . �t : �� ℄℄ 2 Def +�A � R �A:Let Ai = �(�i), bj = �(xj) and Bj = [[� . �j : T ℄℄�. By assumption on � andsin
e R is pre-logi
al we have Ai; Bj 2 RT and bj 2 RBj . This givesa = [[; . �t : �� ℄℄ �A1 � � �An � b1 � � � bm 2 R �A �A1 � � �An � b1 � � � bm� RB1!:::!Bm!A � RB1 � � �RBm � RA: 2Remark 4.15. For �!;8;9C , Mit
hell ([Mit86℄, Theorem 7) states (without proof)a 
riterion for the equivalen
e of two representations of an abstra
t datatypewhere R+ in (ii) is a logi
al predi
ate. I am unable to 
onstru
t su
h a logi
alpredi
ate from his version of (i). It seems unlikely that we 
an modify the pre-logi
al predi
ate from the proof of 4.14 to obtain a logi
al predi
ate satisfying(ii) (when 9 is dropped), in parti
ular sin
e C may have higher-order 
onstants.



5 Dire
tions for future workFirst, we 
onje
ture that the 
hara
terizations of pre-logi
al relations by logi
alrelations given in [HS99℄ for �rst-order models 
an be transferred to the 
lassof se
ond-order models 
onsidered here, but details remain to be 
he
ked (
f.remark 4.8). Next, a 
ategori
al generalization of se
ond-order pre-logi
al rela-tions, extending the work on lax logi
al relations [PPST00℄, would be useful forappli
ations to 
ategori
al models and probably to imperative languages. Third,representation independen
e theorems for languages with 9-types or dependenttypes and for a general form of abstra
tion like(abstype 
ontext with spe
ifi
ation is representation in s
ope)or SML's restri
tion 
onstru
t stru
ture :> signature would be very useful,espe
ially for SML with higher-order fun
tors (
f. [Ler95℄, se
tion 4). Finally,observational equivalen
e as the logi
al relation at 9-types (
f. [Mit86℄) mayhave a 
exible variant with pre-logi
al relations, in parti
ular in 
onne
tion withspe
i�
ation re�nement as studied in [Han99℄.A
knowledgement Thanks to Furio Honsell for dire
ting me to [HS99℄, andto the referees for helpful 
omments and 
riti
ism.6 Appendix: Adjun
tion of indeterminatesDe�nition 6.1. Let A = (A;�; 	; CA) be an extensional model of �!C , � 2 T .Extend �!C to �!C;A-terms by adding a 
onstant a for ea
h a 2 A�. Consider theequivale
e of �!C;A-terms of type � in the free variable x : � given bys(x) =A t(x) :() 8a 2 A� [[s℄℄[a=x℄ = [[t℄℄[a=x℄ 2 A� :Ea
h equivalen
e 
lass [s : �℄ of =A 
an be represented in the form [f � x℄ wheref 2 A�!�. Sin
e A is extensional, f = [[�x s℄℄ is unique and a 7! [a℄ is inje
tive.Let A[x : � ℄ := (A0; �0; 	 0; C 0), the extension of A by the indeterminate x : � , beA0� = A[x : � ℄� := f[s℄ j s 2 �!C;A; x : � . s : �g�0�;�([f � x℄)([g � x℄) := [��!�;�!�(S�;�;� � f)(g) � x℄	 0�;�(�[g � x℄:[h(g) � x℄) := [	�!�;�!�(h) � x℄C 0(
) := [CA(
)℄ for 
 : � 2 C;where S�;�;� := �f�g�x(fx(gx)) : (� ! � ! �) ! (� ! �) ! (� ! �). Wewrite f � x instead of [f � x℄ and, 
orrespondingly, A[x : � ℄� = A�!� � x.Lemma 6.2. Let A be an extensional model of �!C and R � A a logi
al predi-
ate. There is a logi
al predi
ate S on A[x : � ℄ with [x℄ 2 S� and R� � S� forall types �. If R� 6= ;, then S� \ A� = R�.Proof. Putting S� := R�!� � x for all types �, the 
laim is easily veri�ed.Note that C may 
ontain higher-order 
onstants. This is used for 8when applying6.2 in the proof of theorem 4.14. Unfortunately, the lemma apparently is wrongwith pre-logi
al instead of logi
al relations.
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